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MOLECULAR TRANSFER

V. F. Potemkin UDC 532.526

Universal relations pertaining to molecular transfer of momentum, heat, and mass
are derived on the basis of a special mathematical transformation.

Molecular transfer occurs widely in nature as well as in technology and, therefore,
knowing the laws which govern it 1s particularly important. The laws governing the mclecular
transfer of momentum, heat, and mass cannot be derived through solution of known differential
equations, because the system of these equations is generally not a closed one, Relations
based on semiempirical theories or on processing of experimental data, on the other hand, con-
tain empirical constants and are not general.

In {1, 2] universal relations for molecular transfer of momentum and heat have been de~
rived with the aid of a special mathematical model. In this study those results will be
refined and extended.

The region of molecular transfer will be defined as
Yo=x22x 220, 8(x) =y >8,(x)>0, (L)

where x is the longitudinal coordinate measurable on the solid surface (wall); y, transverse
coordinate measured from the wall; §(x), upper limit of this region (e.g., thickness of the
turbulent boundary layer); and So(x), lower limit of this region (thickness of the laminar
sublayer).
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One can obtaln universal relations for molecular transfer by transforming (normalizing)
the function of two variables defined in region (1) into a generalized single-valued function
U of one generalized variable R(x, y).

Since the thus obtained function U must remain a generalized one of parameters of the
transferred substance and R must remain a generalized coordinate, hence

U=U (u7 Ug, ué)v (2)
R = R(ya 607 6)7 (3)
where up = u(x, So(x)) and ug = u(x, §(x)).

It follows from expressions (2) and (3) that the normalization can be reduced to certain
mathematical operations on two groups of functions: u(x, y), ue(x), ug(x) and y, So(x), 8(x).

We will introduce operator P performing on function u defined in region (1) the trans-
formation
pu:. h_.u~un ) (4)

Uy — Uy

In the U(R) representation two values of R must correspond to curves 8, §; and two values
of U must correspond to curves ug, Ue. According to expression (4), operator P meets this
requirement.

As function U one can select a simple combination of u, ue, and u§ satisfying the rela-
tion (4), inasmuch as not the form of expression (2) by the relation U(R) is sought. One
can, therefore, let

U == Pu. )
According to expression (5), 8¢ is the scale of the y coordinate,

In the selection of §o as scale for y it is possible to perform on the group of functions
vy, So(x), 8(x) the mathematical operations

Y=yl [ (4/80) = P[ (y/5,), (6)
y—F(y)—~Pl(y), 7
where £ is an arbitrary function.

We do not consider here transformations of the y +» (y — 8o) + £(y — 8o) > Pf(y — 60)
kind, inasmuch as this would exclude from the analysis functions f£(z) not defined at z = 0.

The sought generalized relation U(R) must not depend on the possible route by which it
is established, according to (6) or (7), and must thus be invariant with respect to trans-
formations. Therefore,

Pf(g/e) = Pf(y). (8)

From here it is easily established that function f(2) can only be of one of the two kinds
f1(2) = const 2™ -+ const, 9
fa (2) = const In 2™ - const, (10)

with the argument z equal to either y or y/§ and n > 0.
Relations (10) and (4) yield

In(y/8)
— Pfy(2) = . Qv
R=PLO =1 s,
Relations (9) and (4) yield
PR =L =8 12
R=FL@) =~ G (12)

Expression (11) differs from expression (12) in that it does not contain the parameter
n. Therefore, one must select expression (11) for R and expression (5) for U in the gener-
alized relation U(R).
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It has been demonstrated in [1, 2] that

aw _ (13)

dR

U=R, (14)
49 (15)

dR

0=R, (16)

where U = (u — uo)/(ug — uo) and @ = (T — To)/(T; — To).

Expressions (13) and (15) represent generalized relations describing molecular transfer
of momentum and heat.

Analogously one obtains the generalized relation for molecular transfer of mass

dc

=1, 17

dR @
and its integral

C=R. (18)

Here C = (c — co)/(c§ — co) and c is the mean concentration of the substance.

The results ought not to be different when the operator

. u—u
Pu= 8

=U (19)

ty — Us

is introduced and operations (6), (7) in selection of § as scale for y are replaced with
transformations

y—= y/8— [ (y/8)— P'[ (4/D), (20)
y—[ ()P (y). (21)
As a result then we have
_ In(d) (22)
111 (8,/9)

U =R. @3)

From relation (14) we obtain
= (y7/88) + ud, (24)

s

and from relation (23) we obtain

wr = o ) (25)

s
Relations (24) and (25) yield

In(y+/83) _ In(y/87)

+, 4, + + o S =
Here Y5 = 1n(6§ /60)/(u6 — Ug). Consequently, the function
In (y*/87)
¥ T VT
u+--u? @n

is invariant with respect to simultaneous replacement of ue, 8o with ug, 6 and thus does not
depend on the choice of scales.

It is convenient to replace expression (14) with
Y= T, (28)
since ¥ = ¥(x, y) and ¥g = ¥g5(x).
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From expression (28) we find that when
Py == ¥, (29)
there holds true the equality
¥y = W, (30)
where ¥5 = 1n 6+/(u§ - 1), and @e = In 5t/(ut - 1).

It has been demonstrated in the first study [1l] that at a zero pressure gradient in the
turbulent core we have

¥ -, (31)

or

[
Zh

U , (32)
. + ~ + ~
where ¥ = 1ln v /(u+ ~-1); U= (u+ —1)/(ug — 1), and R = 1n y+/ln 5+.

On the diagram in Fig. 1 expression (32) is compared with experimental .data from another
study [3] pertaining to flow of mercury throug a pipe in a longitudinal magnetic field at
various values of the Hartmann number Ngz = Bdvc/pv. Here B is the magnetic induction; o,
electrical conductivity; and d, tube diameter. The experimental data appear to agree satis-
factorily with expression (32).

The graph in Fig. 1 indicates that calculation of such a flow on the basig of the pro-
posed mathematical model [1, 2] is rather simple, inasmuch as for determining the distribution
of mean velocity and the shearing stress at the wall one must know only the relation ¥g =
Wa(NHa (NReg) (where Npeg = ugd/v) in addition to v, p, &, and ug.

On the diagram in Fig. 2 expression (32) is compared with experimental data of still
another study [4] pertaining to turbulent flow through the initial segment of a rough pipe
at various values of the ratio x/d, where x is the distance from the tube entrance. The
experimental data here appear to be correlating satisfactorily with the theoretical relation
(32),

The calculation of such a flow is based on known v, p, §, ug, and relation @5 = @G(X/d).
Accordingly, @5 and ¥g are critical functioms for a turbulent boundary layer.
The graph in Fig. 3 depicts the relatiom @5 = @5(6+) according to data in study [5]

on turbulent flow in a smooth pipe. Evidently U > const = 0.34 as 6+ + », With sufficient
accuracy, moreover, one can assume that at &+ 2 10° will be
= In &+
= = /.
¥ F—1 173 (33)
According to the Blasius method for a laminar boundary layer [6], one obtains
8*/ug = 1,60. (34)

The graph in Fig. 3 indicates that function @5 calculated for a laminar boundary layer
according to expression (34) (curve 2) intersects function WG for a turbulent layer only with-
in a narrow range of relatively small &+, Curve 3 here corresponds to the outer segment of
a typical Blasius profile, which constitutes a continuation of the integral in Newton's law
at the wall

Ut =y (35)
and is bounded by curve 2.

The graph in Fig. 3 is convenient in that it not only indicates the flow conditions
(turbulent or laminar) depending on the value of &t but also the profile of mean longitudinal
velocity.

Expressions (14), (16), (18), (28), and (31)-(33) simplify the characteristics of molec-
ular transfer. They become particularly convenlent in the case of simultaneous effects of
several physical factors on the molecular transfer process.

With respect to relation (31), the molecular transfer process will be characterized by
different values of the critical functlon WG, which depend on the influencing factors. 1In
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Fig., 1. Distribution of generalized dlmensionless velocity
U(R) at Reynolds number Npe = 4. 25¢ *10* and various values of
Hartmann number Npp: 1) Nygz = O, Ws = 0,31, 2) 279 and 0.29;
3) 390 and 0.27; 4) 502 and 0.25; 5) 614 and 0.23; 6) ac-
cording to relation (32).

Fig., 2. Distribution of generalized dimensionless velocity
U(R) of turbulent flow in initial segment of rough pipe: 1)
x/d = 1.5, ?5 0.58; 2) 3.5 and 0.46; 3) 9.5 and 0.44; 4) 25.5
and 0.44; 5) accordlng to relation (32)

order to establish quantitative relations for molecular transfer occurring under complex con-
ditions, it is necessary to know the relation ¥g = W5(K1, Ka, +¢vy Kpn), where any of param—
eters Kj characterizes the dependence of molecular transfer on some influencing quantity such
as, for instance, the magnetic induction in the case of an electrically conducting fluid,

Let @50 be defined by expression (33), i.e., 6% + », As has been established earlier
(11,

él(Ki) \yeo— Inf(Ky), (36)
Wyo (Ko) = Wyp— Inf (Ky). (37)

In the case of simultaneous dependence of the molecular transfer process on parameters K, and
K2 we have

T Ky K) =Ty —Inf(K, K. (38)

When
Ty, K = [(Ky) F(K), (39)

then
o = Pop— InfF(Ky) — In [ (K). (40)

Condition (39) corresponds to a weak correlation between parameters K, and Ki.

It follows from relation (40) that, when condition (39) is satisfied, the relation ?5 =
WG(Kl, Kz, «.+y Kp) can be determined accordlng to the principle of superposition, which will
greatly simplify calculation of the characteristics of molecular transfer under complex flow
conditions. It is also important that, on the basis of relation (31), the principle of super-
position can be applied to final characteristics (Wd) as well as to instantaneous ones (¥).

As an example we will consider molecular transfer in rotating channels during accelera-
tion of the stream due to change in their cross sections. On the basis of the model described
here we obtain, analytically, the conditions of comnservation of turbulent heat and mass trans-
fer in such a system. During acceleration of the stream, according to experimental data [7],

Foo— ¥y (K) = — C,K, (41)

where the parameter K = (v/ug)(dug/dx) characterizes the pressure gradient. Here C, = 1.2°
10*. As the parameter K increases, the stream becomes laminarized with ¥ (K) > Wso. When
channel rotates at an angular velocity w about the z axis, then, according to experimental
data [8, 9],
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Fig. 3. Dependence of ¥ on yt: 1) according to ex-
pression (35); 2) according to expression (34); 3)
typical Blasius profile; 4) values of W5 according
to data in [5].

with the rotation number Np, = 2w6/u5 and Cz = 2/3. As the angular velocity w decreases
(w < 0), the stream becomes laminarized with Ws(m) < Wso.

Parameters K and Npo are weakly correlated to each other. Therefore, it follows from
relations (40)-(42) that, although a turbulent stream becomes laminarized as K increases (or
w decreases), it is possible to make it remain turbulent according to relation (31) by simul-
taneously affecting w(w < 0) and K(K > 0). This is important in rotating systems where the
intensity of heat transfer must not decrease during laminarizatiom. It is then necessary
that the relation

K /Npo = C,/Cy (43)
hold true.

The generalized relations which have been obtained here for molecular transfer of momen-
tum, heat, and mass are universal and simplify calculation of its characteristics.

NOTATION

u, mean 1ongitudinal velocity, m/sec; T, mean temperature, °K; v, kinematic viscosity,
m*/sec; p, density, kg/m®; 7, shearing stress, N/m*; ux = Y1y/p, dynamic velocity, m/sec; 6,
thickness of the boundary layer, m; 6o, thickness of the laminar sublayer. m; y = yug/v,

dimensionless space coordinate; ut = u/ux, dimensionless velocity; U = (ut — u )/(u§ - ub),
generalized dimensionless velocity, NRe, Reynolds number; Npg, Hartmann number' subscripts.
*, stream parameters at yt = 1; 6, stream parameters at y = §; 0, .stream parameters at y =

8o; and W, wall.
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DEVIATION OF THERMAL ANEMOMETER SENSORS WLTH SAGGING WIRES
FROM THE COSINE LAW

I. L. Povkh, G. P. Eremin, UDC 533,6.08
and A. M. Novikov

The authors describe a calculation method and determine numerical values for the
influence of the sag of the measuring wire of a thermal anemometer sensor on the
deviation from a cosine law.

In determining the absolute magnitude of the velocity vector in three-dimensional flows
using thermal anemometer sensor wires one measures the magntiude of the effective component
of the flow velocity, which influences the heat tranfer between the wire and the flow. These
quantities are related by the cosine law [1]:

Vs = VcosS$. (L

When one allows for the influence of the longitudinal velocity component on the heat
transfer the cosine law takes the form [1]

Vy =V (cos?d + £2sin?8)'/% . (2)

These relations are derived on the assumption that the measuring wire of the thermal anemometer
sensor is straight. However, this condition does not hold in actual sensors. The deviation

of the measuring wire from the straight condition stems from technical causes in the sensor
manufacture, and also from the linear thermal expansion of the wire.

We now derive the relation between the magnitudes of the effective component and the flow
velocity vector for the case of a sagging wire, when the wire forms the arc of a circle. The
effective component of the velocity vector in the segment of arc QP of the measuring wire DQA
(Fig. 1) varies from V§: to Vga. The area of the filgure FIQP is

Srror = Sorr — Sopg- (3)
Using the notation
OP=0Q=r, (4)
we obtain
PF =V, ()
1 5, ) : 8, 8, :
SFTQP = -—2— \sﬂ (f + Vbt)z dd — ‘—2— (‘ r2dé = \S\ (TV{,{: + 7 ngz) dd. (6)
J
5, 8

1 1

The average value of the integrand is determined by the relation [2]

73
1 180 1
Vt o — 2 42 = ————— Vt —_ 2 2 dﬁ,
(I‘ ot T 9 Vst ’)cp (62 61).71 y <I’ of + 5 Vﬁt) (7)

Denoting the right side of Eq. (7) by I, we finally cbtain
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